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Normal bases for modular function fields
Ja Kyung Koo, Dong Hwa Shin and Dong Sung Yoon∗
Abstract
We provide a concrete example of a normal basis for a finite Galois extension which is not
abelian. More precisely, let C(X(N)) be the field of meromorphic functions on the modular curve
X(N) of level N . We construct a completely free element in the extension C(X(N))/C(X(1)) by
means of Siegel functions.
1 Introduction
Let E be a finite Galois extension of a field F with
G = Gal(E/F ) = {σ1, σ2, . . . , σn}.
The well-known normal basis theorem ([12]) states that there always exists an element a of E for
which
{aσ1 , aσ2 , . . . , aσn}
becomes a basis for E over F . We call such a basis a normal basis for the extension E/F , and say
that the element a is free in E/F . In other words, E is a free F [G]-module of rank 1 generated by
a. Moreover, Blessenohl and Johnson proved in [1] that there is a primitive element a for E/F which
is free in E/L for every intermediate field L of E/F . Such an element a is said to be completely free
in the extension E/F . However, not much is known so far about explicit construction of (completely)
free elements when F is infinite. As for number fields, we refer to [2], [3], [5], [7], [8], [9], [11].
For a positive integer N , let
Γ(N) = {σ ∈ SL2(Z) | σ ≡ I2 (mod N ·M2(Z))}
be the principal congruence subgroup of SL2(Z) of level N which acts on the upper half-plane H =
{τ ∈ C | Im(τ) > 0} by fractional linear transformations. Corresponding to Γ(N), let
X(N) = Γ(N)\H∗
be the modular curve of level N , where H∗ = H ∪ Q ∪ {i∞} ([10, Chapter 1]). We denote its
meromorphic function fields by C(X(N)). As is well known, C(X(N)) is a Galois extension of C(X(1))
with
Gal (C(X(N))/C(X(1))) ≃ Γ(1)/ ± Γ(N) ≃ SL2(Z/NZ)/{±I2} (1)
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([6, Theorem 2 in Chapter 6] and [10, Proposition 6.1]). Furthermore, if N ≥ 2, then C(X(N)) is
not an abelian extension of C(X(1)). In this paper, we shall find a completely free element g(τ) in
C(X(N))/C(X(1)) in terms of Siegel functions (Theorem 3.3). This gives a concrete example of a
normal basis for a nonabelian Galois extension.
2 Siegel functions as modular functions
We shall briefly introduce Siegel functions and their basic properties, and further develop a couple of
lemmas for later use.
For a lattice Λ in C, the Weierstrass σ-function relative to Λ is defined by
σ(z; Λ) = z
∏
λ∈Λ\{0}
(
1− z
λ
)
ez/λ+(1/2)(z/λ)
2
(z ∈ C).
Taking logarithmic derivative, we obtain the Weierstrass ζ-function
ζ(z; Λ) =
σ′(z; Λ)
σ(z; Λ)
=
1
z
+
∑
λ∈Λ\{0}
(
1
z − λ +
1
λ
+
z
λ2
)
(z ∈ C).
One can readily see that
ζ ′(z; Λ) = − 1
z2
+
∑
λ∈Λ\{0}
(
− 1
(z − λ)2 +
1
λ2
)
,
which is periodic with respect to Λ. Thus, for each λ ∈ Λ, there is a constant η(λ; Λ) such that
ζ(z + λ; Λ)− ζ(z; Λ) = η(λ; Λ) (z ∈ C).
Now, for v =
[
v1
v2
]
∈ Q2 \ Z2, we define the Siegel function gv(τ) by
gv(τ) = exp (−(1/2)(v1η(τ ; [τ, 1]) + v2η(1; [τ, 1]))(v1τ + v2)) σ(v1τ + v2; [τ, 1])η(τ)2 (τ ∈ H),
where [τ, 1] = τZ+ Z and η(τ) is the Dedekind η-function given by
η(τ) =
√
2πeπi/4q1/24
∞∏
n=1
(1− qn) (q = e2πiτ , τ ∈ H). (2)
Let
B2(x) = x
2 − x+ 1
6
(x ∈ R)
be the second Bernoulli polynomial, and let 〈x〉 be the fractional part of x in the interval [0, 1).
Proposition 2.1. Let v =
[
v1
v2
]
∈ (1/N)Z2 \ Z2 for an integer N ≥ 2.
(i) gv(τ) has the infinite product expansion
gv(τ) = −eπiv2(v1−1)q(1/2)B2(v1)(1− qv1e2πiv2)
∞∏
n=1
(1− qn+v1e2πiv2)(1− qn−v1e−2πiv2)
with respect to q = e2πiτ .
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(ii) We have the q-order formula
ordq gv(τ) =
1
2
B2(〈v1〉).
(iii) gv(τ)
12N belongs to C(X(N)) and has neither zeros nor poles on H.
(iv) gv(τ)
12N depends only on ±v (mod Z2), and satisfies
(
gv(τ)
12N
)σ
= (g12Nv ◦ σ)(τ) = gσT v(τ)12N (σ ∈ SL2(Z)),
where σT stands for the transpose of σ.
Proof. (i) See [4, K 4 in p. 29].
(ii) See [4, p. 31].
(iii) See [4, Theorem 1.2 in Chapter 2].
(iv) See [4, Proposition 1.3 in Chapter 2].
For a positive integer N , let Γ1(N) be the congruence subgroup of SL2(Z) defined by
Γ1(N) =
{
σ ∈ SL2(Z) | σ ≡
[
1 ∗
0 1
]
(mod N ·M2(Z))
}
.
Now, we let N ≥ 2, and consider the function
g(τ) = g[ 0
1/N
](τ)−12Nℓg[ 1/N
0
](τ)−12Nm
where ℓ and m are integers such that ℓ > m > 0. Then we see from Proposition 2.1 (iii) that g(τ)
belongs to C(X(N)).
Lemma 2.2. We have
ordq
(
g(τ)σ
g(τ)
)
≥ 0 for all σ ∈ SL2(Z).
The equality holds if and only if σ ∈ ±Γ1(N).
Proof. Let σ =
[
a b
c d
]
∈ SL2(Z). Note that a ≡ c ≡ 0 (mod N) is impossible. We get by
Proposition 2.1 (iv) and (ii) that
ordq
(
g(τ)σ
g(τ)
)
= ordq


g[ c/N
d/N
](τ)−12Nℓg[ a/N
b/N
](τ)−12Nm
g[ 0
1/N
](τ)−12Nℓg[ 1/N
0
](τ)−12Nm


= 6N (ℓB2(0) +mB2(1/N) − ℓB2(〈c/N〉) −mB2(〈a/N〉)) .
Then we deduce from the fact ℓ > m > 0 and Figure 1 that
ordq
(
g(τ)σ
g(τ)
)
≥ 0
with equality if and only if
〈c/N〉 = 0 and 〈a/N〉 = 1/N or 1− 1/N. (3)
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Moreover, by the relation det(σ) = ad− bc = 1 one can express the condition (3) as
σ ≡ ±
[
1 ∗
0 1
]
(mod N ·M2(Z)).
This proves the lemma.
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Figure 1: The graph of y = B2(〈x〉)
Let R+ denote the set of positive real numbers.
Lemma 2.3. Given any ε ∈ R+, we can take r ∈ R+ and an integer m large enough so that∣∣∣∣gσ(ri)g(ri)
∣∣∣∣ < ε for all σ ∈ SL2(Z) \ ±Γ(N).
Proof. First, consider the case where σ 6∈ ±Γ1(N). Then, we obtain by Lemma 2.2 that
ordq
(
g(τ)σ
g(τ)
)
> 0,
which implies that g(τ)σ/g(τ) has a zero at the cusp i∞. Hence we can take rσ ∈ R+ sufficiently large
so as to have ∣∣∣∣gσ(rσi)g(rσ i)
∣∣∣∣ < ε.
Set
r = max {rσ | σ ∈ SL2(Z) \ ±Γ1(N)} .
Second, let σ ∈ ±Γ1(N) \ ±Γ(N), and so σ ≡ ±
[
1 b
0 1
]
(mod N ·M2(Z)) for some b ∈ Z with
b 6≡ 0 (mod N). We then derive that
∣∣∣∣gσ(ri)g(ri)
∣∣∣∣ =
∣∣∣∣∣∣∣∣
g[ 0
1/N
](ri)−12Nℓg[ 1/N
b/N
](ri)−12Nm
g[ 0
1/N
](ri)−12Nℓg[ 1/N
0
](ri)−12Nm
∣∣∣∣∣∣∣∣
by Proposition 2.1 (iv)
=
∣∣∣∣∣∣∣∣
g[ 1/N
0
](ri)
g[ 1/N
b/N
](ri)
∣∣∣∣∣∣∣∣
12Nm
=
∣∣∣∣∣ 1−R
1/N
1−R1/NζbN
∣∣∣∣∣
12Nm ∞∏
n=1
∣∣∣∣∣ (1−R
n+1/N )(1−Rn−1/N )
(1−Rn+1/N ζbN )(1−Rn−uζ−bN )
∣∣∣∣∣
12Nm
by Proposition 2.1 (i), where R = e−2πr and ζN = e
2πi/N
4
≤
∣∣∣∣∣ 1−R
1/N
1−R1/NζbN
∣∣∣∣∣
12Nm
because |1− x| ≤ |1− xζ| for any x ∈ R+ with x < 1 and any root of unity ζ.
Therefore, if m is sufficiently large, then we attain∣∣∣∣gσ(ri)g(ri)
∣∣∣∣ < ε.
This completes the proof.
3 Completely free elements in modular function fields
Let N ≥ 2. In this section, we shall show that
g(τ) = g[ 0
1/N
](τ)−12Nℓg[ 1/N
0
](τ)−12Nm with ℓ > m > 0
plays an important role as completely normal elements in modular function field extensions.
Proposition 3.1. The function g(τ) generates C(X(N)) over C(X(1)).
Proof. Suppose that σ =
[
a b
c d
]
∈ SL2(Z) leaves g(τ) fixed. In particular, since ordq g(τ) =
ordq g(τ)
σ , we get by Lemma 2.2 that σ ∈ ±Γ1(N). Furthermore, we see by Proposition 2.1 (iv) and
(ii) that
ordq g(τ)
[
0 −1
1 0
]
= ordq
(
g[ 1/N
0
](τ)−12Nℓg[ 0
−1/N
](τ)−12Nm
)
= −6NℓB2(1/N)− 6NmB2(0)
= ordq (g(τ)
σ)
[
0 −1
1 0
]
= ordq g(τ)
[
b −a
d −c
]
= ordq
(
g[ d/N
−c/N
](τ)−12Nℓg[ b/N
−a/N
](τ)−12Nm
)
= −6NℓB2(〈d/N〉) − 6NmB2(〈b/N〉).
Thus we obtain b ≡ 0 (mod N), and hence σ ∈ ±Γ(N). Therefore, we conclude by (1) and the Galois
theory that g(τ) generates C(X(N)) over C(X(1)).
Theorem 3.2. Let X0(N) be the modular curve for the congruence subgroup
Γ0(N) =
{
σ ∈ SL2(Z) | σ ≡
[
∗ 0
∗ ∗
]
(mod N ·M2(Z))
}
with meromorphic function field C(X0(N)). Then, g(τ) is completely free in C(X(N))/C(X0(N)).
Proof. Note that C(X(N)) is a Galois extension of C(X0(N)) with
Gal
(
C(X(N))/C(X0(N))
) ≃ Γ0(N)/ ± Γ(N).
It follows from Proposition 3.1 that g(τ) generates C(X(N)) over C(X0(N)).
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Now, let L be any intermediate field of C(X(N))/C(X0(N)) with
Gal (C(X(N))/L)) = {σ1 = Id, σ2, . . . , σk}.
Since Γ0(N) ∩ ±Γ1(N) = ±Γ(N), we must have
σi 6∈ ±Γ1(N) (i = 2, . . . , k). (4)
Set
gi = g(τ)
σi (i = 1, 2, . . . , k),
and suppose that
c1g1 + c2g2 + · · · + ckgk = 0 for some c1, c2, . . . , ck ∈ L. (5)
Acting each σi (i = 1, 2, . . . , k) on both sides of (5) we achieve the system of equations

c1g
σ1
1 + c2g
σ1
2 + · · ·+ ckgσ1k = 0,
c1g
σ2
1 + c2g
σ2
2 + · · ·+ ckgσ2k = 0,
...
c1g
σk
1 + c2g
σk
2 + · · ·+ ckgσkk = 0,
which can be rewritten as
A


c1
c2
...
ck

 =


0
0
...
0

 with A =
[
gσij
]
1≤i, j≤k
.
Letting Sk be the permutation group on {1, 2, · · · , k}, we derive that
det(A) =
∑
j1j2···jk∈Sk
sgn(j1j2 · · · jk)gσ1j1 gσ2j2 · · · g
σk
jk
= ±gk +
∑
j1j2···jk∈Sk such that
σj1σj2 ···σjk 6=σ
−1
1
σ−1
2
···σ−1
k
±gσj1σ1gσj2σ2 · · · gσjkσk
= ±gk

1 +
∑
j1j2···jk∈Sk such that
σj1σj2 ···σjk 6=σ
−1
1
σ−1
2
···σ−1
k
±
(
gσj1σ1
g
)(
gσj2σ2
g
)
· · ·
(
gσjkσk
g
)

 .
Observe that for each j1j2 · · · jk ∈ Sk with σj1σj2 · · · σjk 6= σ−11 σ−12 · · · σ−1k , we have
σjiσi 6= Id for some 1 ≤ i ≤ k.
Thus we attain that
ordq det(A) = ordq g
k by (4) and Lemma 2.2
= −6kN (ℓB2(0) +mB2(1/N)) by Proposition 2.1 (ii)
< 0 by the fact ℓ > m > 0 and Figure 1,
which implies that
det(A) 6= 0 and c1 = c2 = · · · = ck = 0.
Therefore, {g1, g2, . . . , gk} is linearly independent over L; and hence g(τ) is completely free in
C(X(N))/C(X0(N)).
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Theorem 3.3. There is a positive integer M for which
g(τ) = g[ 0
1/N
](τ)−12Nℓg[ 1/N
0
](τ)−12Nm
is completely free in C(X(N))/C(X(1)) for ℓ > m > M .
Proof. Let d = [C(X(N)) : C(X(1))]. We see from Lemma 2.3 and (1) that there exist a positive
integer M and r ∈ R+ so that if ℓ > m > M , then∣∣∣∣gσ(ri)g(ri)
∣∣∣∣ < 1d!− 1 for all σ ∈ Gal (C(X(N))/C(X(1))) with σ 6= Id. (6)
Now, let ℓ > m > M . Let L be any intermediate field of C(X(N))/C(X(1)) with
Gal(C(X(N))/L) = {σ1 = Id, σ2, . . . , σn}.
Then it follows from Proposition 3.1 that g(τ) generates C(X(N)) over L. Consider the n× n matrix
B =
[
gσij
]
1≤i, j≤n
where gj = g(τ)
σj .
As in Theorem 3.2 it suffices to show det(B) 6= 0 in order to prove that {g1, g2, . . . , gn} is linearly
independent over L. We derive that
|det(B)(ri)| =
∣∣∣∣∣∣
∑
j1j2···jn∈Sn
sgn(j1j2 · · · jn)gσ1j1 (ri)gσ2j2 (ri) · · · gσnjn (ri)
∣∣∣∣∣∣
=
∣∣∣∣∣∣∣∣∣
±g(ri)n +
∑
j1j2···jn∈Sn such that
σj1σj2 ···σjn 6=σ
−1
1
σ−1
2
···σ−1n
±gσj1σ1(ri)gσj2σ2(ri) · · · gσjnσn(ri)
∣∣∣∣∣∣∣∣∣
≥ |g(ri)|n

1−
∑
j1j2···jn∈Sn such that
σj1σj2 ···σjn 6=σ
−1
1
σ−1
2
···σ−1n
∣∣∣∣gσj1σ1(ri)g(ri)
∣∣∣∣
∣∣∣∣gσj2σ2(ri)g(ri)
∣∣∣∣ · · ·
∣∣∣∣gσjnσn(ri)g(ri)
∣∣∣∣


≥ |g(ri)|n

1−
∑
j1j2···jn∈Sn such that
σj1σj2 ···σjn 6=σ
−1
1
σ−1
2
···σ−1n
1
d!− 1


by the fact σjiσi 6= Id for some 1 ≤ i ≤ n and (6)
> |g(ri)|n
(
1− n!− 1
d!− 1
)
≥ 0,
which claims det(B) 6= 0. Therefore, g(τ) is completely free in C(X(N))/C(X(1)), as desired.
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